Abstract. In this short paper we study L p f -Liouville property with 0 < p < 1 for nonnegative f -subharmonic functions on a complete noncompact smooth metric measure space (M, g, e −f dv) with Ric m f bounded below for 0 < m ≤ ∞. We prove a sharp L p f -Liouville theorem when 0 < m < ∞. We also prove an L p f -Liouville theorem when Ric f ≥ 0 and |f (x)| ≤ δ(n) ln r(x).
Introduction
This is a sequel to our previous work [16, 17] . For Riemannian manifolds, sharp L p -Liouville theorems with p > 1, p = 1, and 0 < p < 1 for subharmonic functions were proved by Yau [18] , Li [8] , Li and Schoen [9] , respectively. Recently Pigola, Rimoldi, and Setti [12] proved a sharp L p f -Liouville theorem with p > 1 for fsubharmonic functions on smooth metric measure spaces. In [16, 17] , the authors proved a sharp L 1 f -Liouville theorem on smooth metric measure spaces with (∞-)Bakry-Émery Ricci curvature Ric ∞ f = Ric + ∇ 2 f ≥ 0 by using the f -heat kernel estimates on smooth metric measure spaces. For the sake of completeness, in this paper we continue to study L p f -Liouville theorem with 0 < p < 1 on smooth metric measure spaces.
Recall a smooth metric measure space (M n , g, e −f dv g ) is an n-dimensional complete Riemannian manifold (M, g) together with a weighted volume element e −f dv g for some f ∈ C ∞ (M ). The associated m-Bakry-Émery Ricci curvature [1] is defined as
The f -Laplacian ∆ f on (M, g, e −f dv), which is self-adjoint with respect to the weighted volume element, is defined by
Recall the sharp L p -Liouville theorem with 0 < p < 1 for Riemannian manifolds proved by Li and Schoen [9] , Theorem 1.1 (Li and Schoen [9] ). Let (M n , g) be an n-dimensional complete noncompact Riemannian manfold. There exists a constant δ(n) > 0 depending only on n such that, if
as r(x) → ∞, then any nonnegative L p -integrable subharmonic function with 0 < p < 1 must be identically zero.
Li and Schoen [9] constructed an explicit example showing that the curvature assumption in Theorem 1.1 is sharp. In Section 4, we show, by constructing an explicit example, that Theorem 1.2 is sharp, in fact in our example Ric m f ≈ −a r −2 (x) for some a large enough.
For smooth metric measure spaces with Ric f bounded below, the first author [15] proved an L p f -Liouville theorem with 0 < p < 1 when f is bounded and Ric f ≥ −δ(n) r −2 (x) as r(x) → ∞. In this paper we prove Theorem 1.3. Let (M n , g, e −f dv) be a complete noncompact smooth metric measure spaces with Ric f ≥ 0. Then there exists a constant δ(n) depending only on n such that, if
We expect Theorem 1.3 to be sharp too.
This rest of the paper is organized as follows. In Section 2, we prove Theorem 1.2 following the argument of Li and Schoen. In Section 3, we prove Theorem 1.3 by combining an f -mean value inequality [16, 17] and an argument of Yau [19] . In Section 4, we construct an explicit example to illustrate the sharpness of Theorem 1.2.
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Proof of Theorem 1.2
Proof of Theorem 1.2. Following the weighted Laplacian comparison theorem (for example [3] ), the weighted volume comparison theorem, and an argument similar to that in the proof of Theorem 2.1 in Li and Schoen [9] (see also Theorem 5.3 in [15] ), we get a mean value inequality for f -subharmonic functions, if Ric
for nonnegative f -subharmonic function u on B x (5R), where c depends only on n, m and p. We will show that u must vanish at infinity if u ∈ L p f by proving that the growth rate of the f -volume is large enough under the assumption using the weighted volume comparison theorem, and by the maximum principle u must be identically zero.
Let x ∈ M and γ be a minimal geodesic from o to x, γ(0) = o and γ(T ) = x.
for some β > 1 to be determined later, and k to be the number such that t k < T and t k+1 ≥ T . Denote x i = γ(t i ), so they satisfy
Moreover, the geodesic balls B xi (β i ) cover γ([0, 2 k j=0 β j − 1]) and their interiors are disjoint.
We claim
for a fixed β > 2
Proof of the claim. For each 1 ≤ i ≤ k, by the relative comparison theorem (see (4.10) in [14] ), we have
where
which can be made arbitrarily small for a fixed β > 2 (2 1/(n+m) − 1) −1 > 1 by choosing δ(n, m) to be sufficiently small. So we get
by simply approximating sinh t by t. Plugging into (2.3) we proved the claim.
Next we estimate V f (B x (β k+1 )), which will be divided into two cases.
, and
By (2.2), we get
can be made sufficiently small, so we get
Combining with (2.2) we get
whereC depends only on n and β. Therefore, we have
Next let r(x) → ∞, then k → ∞. By the choice of β,
so the right hand side of (2.4) approaches to infinity. Let R = β k+1 , by the assumption, R K(x, 5R) is bounded from above. Therefore by (2.1), we have
, where C depends on n, m, p and u p . Therefore u(x) → 0 as r(x) → ∞, and Theorem 1.2 follows from the maximum principle.
Proof of Theorem 1.3
First recall the f -volume comparison theorem proved by Wei and Wylie [14] , Theorem 3.1. Let (M n , g, e −f dv) be an n-dimensional complete noncompact smooth metric measure space. If Ric f ≥ 0, then for any x ∈ B o (R),
, and A(R) = sup x∈Bo(3R) |f |(x).
Applying Theorem 3.1, we get the following f -volume growth estimate.
An example
In this section, we construct an example to illustrate the sharpness of Theorem 1.2.
Consider the Euclidean space (R 2 , g 0 ). Let the potential function be f = a ln r when r ≥ 2 for some constant a > 0, and extend it smoothly to r < 2. The f -Laplacian is given by ∆ f u = u rr + 1 r − f ′ u r + 1 r 2 u θθ . It is a direct computation that, when r ≥ 2 It is easy to verify that u(r) = r a is an f -harmonic function with For any 0 < p < 1, if a > 2/(1 − p), then the integral is finite and u is an L p fintegrable f -harmonic function on (R 2 , g 0 , r −a dv).
